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Defining the PDE problem

Alf )=0 inW
L . linear differenti al operator
pt pff)

Teeffo T Mo
()-1& T Ig T

ﬂXe o Y& Vg
p=Q
k t k(f)
B(f )=M(f )+r=0 inG
||\/|(f): . r=-f  onG DIRICHLET
' ME)=-k— ; r=-§ onG NEUMANN



Introduction to the PDE approximation
How to choose the trial functions

f() @ (X)=y (X)+a a,N,(X)
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Introduction to the PDE approximation
The trial functions and its derivatives

f(X) @ (x) =y (X)+a a,N,(x)
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Approximation by weighted residual
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Point collocation

Weight function \/\/I :d(x_ XI)
QWR,AW= §d (x- x) (LfA+ p)dW:

= Qd(x- x)gy +8 a,LN, 2+ pZdw
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Subdomain collocation
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Galerkin

Weight function VV| — N|
QMRAW= N, (LfA + p) dW=
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Example 1- Definition

Find fA(x) solution of thefollowing ODE

ﬂ-f =0 inW:{x;O£x£1}

dx*
f(x=0)=0
f(x=)=1 inG:{x=0,x=1
d’
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p=0
M (f)+r=0 inG
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Example 1- Choosing the approximation

f(X)@ (X)=y (X)+g a.N_(x)

y (X) =X
N (X) =9n(mp X)

y (x=0)=f (x=0)=0
N, . (x=0)=0

y (x=1)=f(x=1 =1
N .(x=1=0

Lf =Ly +§ a.LN,.
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Example 1- Weighted residual using collocation

Kim@n = f
KIm :LNm(X:XI)

LN_ =sin(mp x)(— 1- (mp)z)
Kim = sIN(mMp >q)(- 1- (mp)z)
Ly =-X : p=0

f :'('X|+O):X|
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Example 1- Weighted residual using collocation
(see routine E| 2 1.m)

Kmna, = f
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Example 1- Weighted residual using Galerkin
(see routine E] 2 1.m)

Kim @, =
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phi-psi

Example 1- Results using
point collocation & Galerkin

Solution for M= 2 phi-psi
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phi-psi

Example 1- Results using
point collocation & Galerkin

Solution for M= 3 phi-psi

0.06 T T
— EXACT
— COL
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using M =3
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003k Error for M= 3
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Example 1- Results using
point collocation & Galerkin

convergence with M




Example 2- A 2D scalar elastic problem - Definition

Find fA(x) solution of thefollowing PDE
T, 1
™ Ty
f(x=-3)=f(x=3)=0
f(y=-2)=f(y=2)=0
Gq =1 G :shear modulus;q :torsion angle
1% 1A

™ Ty’

=-2G0g inW:{(x,y);-3£x£3;-2£ y£2}

L (f

p=2
M(f)=f ; r=0
on(x=-3)E (x =3)E (y=-2)E(y=2) DIRICHLET




Example 2- Choosing the approximation

f(XY) @ (xY)=y (%) +Q a,Na(x,y)
y (X,¥) =0 satisfying the boundary condition

No(x,Y) = cos(a, (m)° ) cos(a, (m)°
a 16

a :(ax,ay):gfs 1-
&l 35

N (x,y)=0 " (xy)l G

R,=Lf +p=Ly + a LN_+p

=a a,LN, +p
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Example 2- Weighted residual using Galerkin
(see routine Ej 2 2.m)

QW RAW= W, (LfA+ p)dvv: 0

N\

N, g%’l a LN_+ deW:o

Q
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Example 2- Weighted residual using Galerkin
(see routine E] 2 2 symb.m with symbolic soft)

syms ax ay X Yy

ax=[1,3,1]
ay=[1,1,3]

N =[ cos(ax(1)*pi*x/6)*cos(ay(1)*pi*y/4);
cos(ax(2)*pi*x/6)*cos(ay(2)*pi*y/4);
cos(ax(3)*pi*x/6)*cos(ay(3)*pi*y/4)];

for [=1:3,
for m=1:3,
factor = pi*2*((ax(m)/6)*2+(ay(m)/4)"2);
K(l,m) = factor*int(int(N()*N(m),x,-3,3),y,-2,2);
end
f(l) = -2*int(int(N(1),x,-3,3),y,-2,2);
end



Example 2- Weighted residual using Galerkin
(see routine Ej 2 2 num.m)

global XY [l mm coef

% Number of terms to be used (M)
M = 3;

coef.p = 2;

% grid of samples
[X,Y]=meshgrid(-3:0.1:3,-2:0.1:2);

f =zeros(M,1);
K =zeros(M,M);
for [I=1:M
f(ll) = gauss_integration('ffun_Ej 2 2 num_rhs',-3,3,-2,2);
for mm=1.M
K(ll,mm) = gauss_integration(‘'ffun_Ej 2 2 num_lhs',-3,3,-2,2);
end
end

a = K\f;



Example 2- Weighted residual using Galerkin
Results

Example 2: torsion problem - phi . 3.103
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Example 2- Weighted residual using Galerkin
Results
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Least square approximation to PDE
| (ay,8,,8, 18y ) = R AW

1
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Galerkin Least Square approximation to
PDE (GLS)

(‘)LNI R, =0

oMy +& 2N, 2 py
v %ﬁ

OL laamLdeW—-OLNl(y +p)dw
W m W

Kim = OLN, LN,, dW

fi=- QLN (Ly + p)dW

W
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Simultaneous approximation to the solution of
the PDE in the domain and on its boundary.

Ry = Al )=L{)+p=0 inw
R.=Bf)=Mf)}+r=0  inG
F(X)@ (X)=8 a. N (X) notethaty doesnot exist

OV Ry dW+ Vi R, dG=0



Simultaneous approximation to the solution of
the PDE in the domain and on its boundary.

OV R, dW+ Vi R, dG=0

6/\/' %- aLN,, + pgdW+ GN_I gaé a MN +|’2dG:O

W ém 7] G ém [//]

6/\/' éaa)- a'mLngdW_l_ G/\I_I % a.mMngdG:- 6/\/'de_ G/V_I r dG
W e m 4] G em g by h

KImam = 1:I
Kim = ULN,, dW+ JVIMN,, dG
w G

fi=-gM pdW- Vi rdG  I,m=12,--,M
G
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Example 3 = Example 1- but solved without psi Y

Fi nde(x) solution of thefollowing ODE

ﬁ-f =0 inW:{x;0£x£1]

dx?
f(x=0)=0
f(x=0)=1 inG:{x=0,x=1
d4f
L(f)—y-f
p=0
M (f)+r=0 inG
iM (f)=f . r=0 onx=0 DIRICHLET
M (f)=f . r=-1 onx=1 DIRICHLET



Example 3 — weighted residual formulation

OV Ry dW+ Vi R, dG=0

W

EW. Ry B+ iR, +WiR, |, =0

W =N ad W =-N|

o 1 2 vl v o=

using Nm:xml m=123--
Ka, =t

Im*~"m

Ky = m Nmidx- [NN] - [NN,_]
| : Ig d 2 | 0 | 1

fi= - [Nl Lm=12M



Example 3 — algebraic system

| N

Example 3 - using Ej_2_3 - min(phi) = 0.067669max(phi) = 0.92481

09F

0.8F

|004>||—\CJQ

07F

NlOowlIbBND|lW

=
ol

06

P wWwlIBhANIW W

=
_|
hi
(]
h

#3p ot i
i = T e
ﬁ*ﬂw
-@’ 4 k X i
“HE il i 1.5 i %‘S 0a Hy 9.8 i) 4



Example 3 — Results

M Phi(x=0) | Phi(x=1)
2.0000e+000 - |9.5238e-002 |7.6190e-001
3.0000e+000 |6.7669e-002 |9.2481e-001
4.0000e+000 |-3.1787e-003 |9.9566e-001
5.0000e+000 |5.6585e-004 |9.9940e-001
6.0000e+000 |-1.3409e-005 |9.9998e-001
7.0000e+000 |1.4329e-006 |1.0000e+000




Example 3 — algebraic system

Example 3 - using Ej_3_3 - convergence with M
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Example 4 = Example 2- but solved without y

N = (4-y?) N,

stisfy M (f }+r=0] _,,
N, =1 ; N,=x> ; N;=V’
N, =x°y* ; N.=x* andsoon

fA= 4-y )(a1+a2>< +a,y° +a,x°y +a5><“)
ffﬂzf ‘Hzf 0
00 &0 1y

y- v f| dy=0
2

x=-3




Natural boundary conditions

OV R, dW= 3y (LT +pldw=0

W

Integration by partsallows to reduce the
smoothness requirement over the functiona
space

integratio JU by parts

O (LT +pltw= e D 1 dw+ 3y Ef dG+ gy pdw=0
W G W

W

o / o /

' A4
strongform weak form

with C,D, E linear operators of lower order than L



Natural boundary conditions

integration by parts

oM (LfA + p)dW: EPW Df dW+ M Ef dé+ M pdw=0
W G W

w

strong form weak form

ol (LfA+p)dW+ (‘W,(I\/I fA+r)dG:

W
= oW D dW+ N pdw+ 3V EF dG+ ¥ (M f +rjiG=0
w w G G
combining thelast two boundary integrals, isit possible to cancel out ?
Thisisonly possible for certain selections of V_VI and boundary conditions



Example 5 — natural boundary conditions

Find fA(x) solution of the following ODE

df .

-f =0 INnW:{x0EXE
dXZ { ]}
f(x=0)=0

%(le):zo inG:{x=0,x=1

usng N =x"

E‘W Ry b +WiR ], +WiR.] , =0

~0 . e_aeaf au
dNé -f dx+ ] +éN -20u =0
—l
L dw df . é df U
O enydx+éW—u AV
o dXx dx 0 e Odxg_ & dx A 0,

Wil +@NEL - 205 =o
L >0 .

=0 (DIRICHLET) €



Example 5 — natural boundary conditions

ChoosingWi| =-W| _ & W |_=
x=1 x=1
Tdw df | ] dfu é df G
0— dx- @Nfdx+éN—u -aN — +
dx dx e Ux— e d zeo
S e au
f]xo éNanf - 2000 =0
_%/—J m_
=0 (DIRICHLET) =1
L dw df "
O— dx+ f dx=[20wW
dx dx GN [ ]

N

thereis no need to compute the(;—]c
X

G
Gradient boundary conditions are natural

for such weak formulation

N

Moreover, if i
dx

=0P rhs=0

G




Example 5 — natural boundary conditions

1 - 1
\d\/\/l df o
dx + f dx=[20W | _
p Ka-=f
1 1

dW dN

K. =A— M dx + N _dx
m Oodx dx OON' m

f, = 20WI‘><:1



phi

Example 5 — Results (routine Ej 2 5.m)

Example3-u
T

sing Ej_2_5 - min{(phi) =0 max(

phi) = 15.2319
T

20

12

Derivative dphi/dx{X)
T

i | : i i i ! i |
¢! G g2 0.3 G4 05 06 07 6.8 ] 1
X



il Errer ||

Example 5 — Results

Error{M)

M=9

» phi

II phi

(routine E] 2 5.m)

Convergence analysis with M




Natural boundary condition for heat equation

Find fA(x) solution of thefollowing PDE

1 ﬁ i 0, 1 2 if O

‘ITXe 'ITXQJ Ty ﬂ)’g
f=f onG

=0 inW:{x; X1 Az}

ﬂf
ﬂh

f=y +4 a,N,

=-q on G

y =f on G
N.=0 on G

ae.ﬂale<ﬂfo & k +Q dW+@/V k—f+q ~dG=0
8ﬂxé X & ﬂ)’§ ﬂ)’g a %)




Natural boundary condition for heat equation

R I2, &I, o%aw+ Gk T+ g 2dG=0
gﬂX§ ﬂxg ﬂyé ﬂyg g Gq' Th 5

AppIy| ng the Green'slemma

J EWE IO ME IR Fo

Al
VCV{ gﬂX§ 'ng Ty ﬂy% b

2 f —0 f

+ QW k—+ T

oV q:

GEG é Th 7]

choosing the weighted functionsso that
W=0 on G

W =-W on q

—& —0
dG+ Cy\llékﬂ—h+q gdG:O

2 11 6 W _
K —T+—" k— -WQ dW+ qdG=0
é ﬂxg ﬂY§ ﬂYg d\/l



Natural boundary condition for heat equation

Ka=f

W 5 Mo, W TN, B
ﬂXe ﬂXz Ty WV e

f.:a/v.Qd\N+CW.adG (gﬂwaﬁﬂy 6, W & Ty
w G

1£EI,mMEM
using Galerkin approximation (W, = N,)

Im

~—dW 0
ﬂXe X o ﬂyg T o9

\ KIm = KmI Symmetry
k 11TT_:1 =-q on G, P thereisnophi gradient at boundary terms
ﬂf — . .
\ -q Isthenatural BC for heat equation

ﬂh



Example 6 — natural BC for heat equation
Find fA(x) solution of thefollowing PDE in 2D

‘Hadeo 1 f O . . )
:—O INW:ix,yv;x, vyl (-11) (- 11
o CpA e yixyl (- 12) (- 11}
f=0 on G :{xyy=+1
RILIRE- 5 Ty v =
oh COSg > on Gb.{x,y,x i]}
h-y?) N

J

N.

J

satisfy M (f )+r=0],_,,
* . * _ 2 . * _ 2
1 1 1 I\|2 =X J N3 -y

=Xy 5 No=x" andsoon

=(1- v*Jla + 2, +ay? +a,y? +ax’)
|mmed|atelysﬁt|sf|&stheBC@G,

fﬂVf 11 ap Yo
dy dx + —cos——
OMEge: "1y fwé €2 55

™z Z
1

dG=0




Example 6 — weak form

aqﬁr ﬂ —d dx +(‘yv — cosc?ﬂogd =0
éﬂx ﬂy g éﬂ 2 Ay
11
AW i 'HW i O —dy A -
-& X ‘HX Ty ﬂyg
P YO_
- W—dG — - cosc—=+:dG=0
qus fin GN e 2 gy



Example 6 — weak form
W =N, (Galerkin)

b @N—dG 0 becauseN|

11
N, 9 + N T 0 _dy dx -
& TIX ﬂx Ty 1y g

W T — o 2 Y 60
- N - dG- (W G- cos2 Y 224G =0

taking W,‘Gq =- cancel out the derivativeterm @ G,

I
L laN, f LN qif O
-& X ﬂx Ty Ty 4

ozl

)
\ *dy dx- d\l, cosg yéﬂh-idG:O
%]




Example 6 — linear system

11
\ K :“&“N' i, IN T 0 2y dx

" x % Ty Ty, 5

N ap Yo
f, = COS ——d ~ cosc—=—=d
d\ll‘ x=1 9 g y 1d\||‘x:-]_ g 2 g y

equivalent to

K = _tlaN, T L IN qif O _d o | integra
ﬂx ﬂx Ty vy

_ w yO f = zeros(M,1);

fl —_ d\ll ‘x—l CO 97— K = zeros(M,M);
- for l1=1:M
0 € 2 f(ll) =
gauss_integration(‘ffun_Ej 2 6 rhs',1,c,d);
1D integral for mm=1:M
K(l,mm) =

gauss_integration(‘ffun_Ej 2 6 |hs',2,a,b,c,d);

end
end




phi

Example 6 — Results (routine Ej_2 6.m)

Example 6 - using Ej_2_6 - max{phi}) = 0.69317

1

grad phi @ x

0.9

08

07

06

05

0.4

0.3

0.2

0.1

Example 6 -
T

using Ej_2_6 - max(grad phi @ x=1) = 0.98896

0.1

0.2




Example 6 — Results (routine Ej_2 6.m)

Derivative dphifdx(X) @ x=1
T 1 T 1

Gl ............... ............. e ............... e ............... .................. :
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B sz s _______________ sz D _______________ e _______________ e _____________ N

06

05k ............... ................ .............. ............... LD ) .............................. ............. Bl

dphildx
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Example 6 — Results (routine Ej 2 6.m)

K=1..

1.3333e+000 4.4444e-001 2.6667¢-001 8.8889e-002 2.6667e-001
4.4444e-001 9.7778e-001 8.8889e-002 1.5492¢-001 1.0438e+000
2.6667e-001 8.8889e-002 4.1905e-001 1.3968e-001 5.3333e-002
8.8889e-002 1.5492e-001 1.3968e-001 1.1767e-001 1.6000e-001
2.6667e-001 1.0438e+000 5.3333e-002 1.6000e-001 1.3672e+000 ]

f"=15.1602e-001 5.1602e-001 7.0480e-002 7.0480e-002 5.1602e-001]

a’' =[2.7631e-001 3.3925e-001 -5.8747e-002 -9.2206e-002 7.7616e-002]



Boundary solution methods
[1] y (x)tosatisfty BC
f ()@ ()=y )+ 2N, (%)

iM(N_)=0 ; m=12,-
Weighted Residual excusively over the domain

o 0]
oM RNC'W=6N|§V +a a.LN, + p;szo
W m

\W

[2] give upy (X) tosatisfy BC and add a boundary
residual termin theformulation

f(x) @ () =a a,N,(X)

R,=Af )=L({)+p=0 inW
R, =B(f )=M(f )+r=0 inG

OM Ry dW+ @V R, dG=0




Boundary solution methods
[ P M RydW=0

2] P M RydW+ Vi R;dG=0

why don't proposeto solveexclusively the boundary

Including for the approximation the solution inside the domain ?
Probably it isdifficult to know the analytical solution in the domain
Only for simple(linear) differentia operators

But, thedimension of the problemisreducedinone(3D ® 2D)

31 P YV R;dG=0

choosing N_suchthat AIN_)=0 \ R,=Alf )= a.AN_)=0

m



Boundary solution methods to Laplace equation

Any analytic function of the complex variablez=x+1y

f(z)=u+iv
withu,vl A satisfy
2 2 2
ﬂ];:f" | ﬂ];:izf":-f" =l I
fix Ty dz

\ N2f =N?u+iN>v=0 b NWw=N%=0

n=1
n=2
n=3 , u=x>-3xy* , v=3x°y-y
n=4



Example 7- Torsion problem by BSM

Find fA(x) solution of thefollowing PDE

%2+%:-2 inW:{(x,y),-3£x£3,-2£ y£ 2}

f(x=-3)=f(x=3)=0

f(y=-2)=t(y=2)=0
equivalent to solve

T7f g o _ .
erﬂ_yzz.z inW:{(x,y); 0ExX£30£y£ 2}
f(x=3)=0

f(y:Z):O

ﬂ =0

ﬂXXZO

ﬁ =0

),




Boundary solution methods - Example
Changing variables
f =q- %(x2+y2)
T 9

=-2 b =0

e Ty e Ty
Approximating g
by symmetric functions respect tox and y

d »c’l\:al;]-_.kaz (XZ_ y2)+a3(x4_ 6X2y2+y4)
N, — \ y L/

N Ns
199 149 o
ﬂ)z(qZ-l_ﬂy(g :O ! (X’y)l W
YV R, dG=0

N Yoev Wave anl ol - L+ allax =
i d\ll|X:3%q x:3- §(9+y2)%dy+ d\ll|y:2}q y:2_ E(Xz +4)% dx=0
w w



Boundary solution methods - Example

f =zeros(M,1);
K =zeros(M,M);
for lI=1:M
f1 = gauss_integration('ffun_Ej 2 7 rhs f1',1,c,d);
f2 = gauss_integration('ffun_Ej 2 7 rhs f2',1,a,b);
f(ll) = -(f1+f2);
for mm=1:M
K1 =gauss_integration('ffun_Ej 2 7 |hs f1',1,c,d);
K2 = gauss_integration('ffun_Ej 2 7 lhs f2',1,a,b);
K(l,mm) = K1+K2;
end Example 7 - using Ej_2_7 - max(phi) = 3.2154

end _

phi

. N 1 ..
d\l"x:?,,ll\q n _(9+y2 udy+
W I x=3 2




phi

Boundary solution
methods - Example

Example 7 - using Ej_2_7 - max(phi) = 3.2154

ST
//

LT
"”!!!'!M!I"I

How the solution fits the right Dirichlet
boundary values ?

phi

phi @ boundaries (x=cte)
L] T T

0.2

0.4

L
0.6

0.8 1 1.2
X

phi @ boundaries (y=cte)

1.4

Il I
1.6 1.8 2

phi

i




Systems of differential equations

Simultaneous resolution of PDEs coming from different
applications

2D, axisymetric or 3D linear elasticity
1D beam equations

1D Gas dynamics

Fluid mechanics in general

Maxwell equations for electromagnetism

Scalar 2nd order PDEs transformed to a system of 1st
order PDE



Systems of differential equations

P A(f ¢A(f )

iAf)=0 inw Af)=gAl)d=0 inw

1 g g

1B(f)=0 éB, (f )o

iB,(f)=0  inG Bf )=5B,( )3=0 inG

1 € 4§

.00 @ (%) =y ,()+ A a,,N,, (X

f,(0) @ ,(X) =y ,()+ & an,N,,(X)

()@ ()=y (0+A anNn(¥)
éNm,l

T T ? N 2

w :6’113’ 213’3’---) : an :(a‘rn,l’am,Z’am,BP“) : ﬁ:g " N
é m,3
g 0

OO OO



Systems of differential equations

oM. At(fA)dW+ OV Bl(fA)dG: 0
GNI,Z A‘z(]cA)dW+ a/_\/l,z BZ(](A)(jG: 0

2

=

,2

| =
[

| =|
[

MD: D> D> D D>
w
OOV ONC
O @m™mm MDD

2

o

s
=

®

%

lug]
=
Nongl

Q

o
w
b\C\ c\.c.c.c



Example 8 : SODE — 2nd order to 1st order

Scalar heat equation (Poisson equation)

In 1D

2nd order ODE (steady + 1D)
Transformed to 1st order system of ODESs

df

i _ é df U
J+k—=0 —
_[q dx . _§q+kdx‘ﬂ_
| , A(f)—e g=0 inW
qu N ,\dq_ p
1—=2-Q=0 e—-Qu
T dx e dx G

f'=(af)

é d u

51 k —° .

e u éeou

Li+p=gy  Pd+e (4=0
ée— ou ¢€xu
eédx a



Example 8 : SODE — 2nd order to 1st order

Scalar heat equation (Poisson equation)
In 1D
2nd order ODE (steady + 1D)

Transformed to 1st order system of ODESs

W:{x;0£x£]} k=1 ; Q=

f=0 @x=0 ; =0 @x=
q=y T é 81N 1
f =Y +é. 2N
y.=y,=0 ; N,;=0 @x=1;

Nn.=0 @x=0



Example 8 : SODE — 2nd order to 1st order

Nm,l = X" 1(1_ X) J |\Im,2 =X"
1 ~
LT+ plix=0
0
§K11 Kz Km l;’ é f, l;'
e u es U
K :éK21 Ky Ko Y f :éfzu
¢ R
e u e, u
ekui Ky Kum G afu
1 1
Kim=cyM LN, dx , fi=-gM pdx
0 0
Galerkin typeweighting W = N,
é o dN_, U
é d\ll 1Nm1 dx d\|| 1 q ’ dXU
K =@o 0 X
" gau Nz e 0
1,2 4. u
€o dx U



Example 8 : SODE — 2nd order to 1st order

f = zeros(M,ndf); K = zeros(M,M,ndf,ndf); A
S

coef.ncol = ndf; S

for l1I=1:M

coef.ncol = ndf; €

f(ll,1:ndf) = gauss_integration('ffun_Ej 2 8 rhs',0,1); m

formm=1:M b
coef.ncol = ndf*ndf; |
vaux = gauss_integration(‘ffun_Ej 2 8 |hs',0,1); :
K(ll,mm,1:ndf,1:ndf) = reshape(vaux,ndf,ndf); '

end N
end g

K2 = zeros(ndf*M,ndf*M); f2 = zeros(ndf*M,1);
for [I=1:M
112 = (II-1)*ndf+(1: ndf);
f2(112) = reshape(f(ll,1: ndf),ndf,1);
formm=1:M
mm2 = (mm-1)*ndf+(1: ndf);
K2(l12,mm2) = reshape(K(ll,mm,1:ndf,1:ndf),ndf,ndf);
end
end

a = K2\f2;

Q> TS 0D0QA=-0 0




Example 8 : SODE — 2nd order to 1st order

d%dfd

—ck—=-0=0

dxg dX g Q
;:;1 XE

W:{x0Ex£L ; k=1 ; Q=j 21
o0 x>=
) 2

ok
wVG,




Example 8 : SODE — 2nd order to 1st order
Results — Temperature convergence with M

0.18

Example 8 - using Ej_2 8 - Temperature phi(x)
T ! ! ! ! ! !

0.16 -

0.14 -

0121

phi

D08




Example 8 : SODE — 2nd order to 1st order
Results — heat flux convergence with M

Example 8 - using Ej_2_8 - heat flux q(x)

0 ! ; ! ! 1 ! ; ! !

T R




Example 9 : SoDE — Linear elasticity in 2D

Plane stress in ¢ qu U éq U
. g & o U & VU
2D eladticity e e I efix
e:éeyu:g oy H:Lf_ , L:go 'ﬂ_ﬂ
QEXVH éﬂu yﬂvl,J éﬂ 1%/0
&—+—U é— —u
gy Txg aTy  Txg
) é u
gsxﬂ . §1 n Ol:J
s:ésyuzl >4 1 0 ue=De
S.0 0 0 M
Y & 2 U
éﬂsx 1TSXY_|_)<[:,J
_?ﬂx Ty L'J_ T _ T _
A(f)_AﬂS b 0=L'DLf +X=0 ; X' =(X.Y)
P AL TR VY,
g1x Ty H



Example 9 : SoDE — Linear elasticity in 2D

Plane stress in

2D elasticity
y,=U . Y ,=V onG
~ @y
f=ag=y *aNy,a, ¥y =b.y,)
evi m =
ST W‘é_"l 3
| — e u = \\/
— @ VV|,2C| — @ VVIZQ
< ) N
C%aTSX+ﬂ Xy+X(:z)V\/|’1 dW+ gs,n +s,n, - tx)vvl,l dG=0
we X Ty 2 .
S S 0 S\
S, T y+\(%V\/|2dw+ ‘sxynx+syny-ty)V\/,2dG=0
™~ Ty g |



Example 9 : SoDE — Linear elasticity in 2D

Gauss- Green or integration by parts

W, . 0 n+S
_ é% s +SWM- WLXE dW+ @0, +S,0n, )W, dG
we X Ty 7 3

+ (‘{s“xnX +$ 0, - fX)VTl,1 dG=0

W -
\axyﬂ |2+Sy#'\N|2Y dW + dsxyn +s JN )\/\/|sz
X Ty 4] o Eg |

ds n +s$.n, - £, )W, dG=0



Example 9 : SoDE — Linear elasticity in 2D

Choosing the weighted functions as
W, =W, =0 on G

VV|,1 — - Vvll‘Q

VV|,2 - _VVI,Z‘

R Waie T\ x2aw+ §,w, de=0

V%Sx X +S —_VVI,1XE

0)
9
\axy ﬂvvl 2 ’\ ﬂ | 2 VVLZY% dW_|_ 6’\y\/\/|,2 dG: O

o6 " Ty ;

Gs




Example 9 : SoDE — Linear elasticity in 2D
Writing in a compact way
f =Ly + a L Nm an
oluw [ < aw- oy x ow- oy e

W W

t=(t.1,)

expressing the stressin terms of displacements
(‘)(LWTD Lf dW= (‘)/VX dW+(‘th dG
V=

Gs
N

natural boundary
condition

imposing t isa natural boundary condition.



Example 9 : SoDE — Linear elasticity in 2D

using the approximation
Lf_A:Ly_+é LN a

C)(LW) Da?_y +a|_|\| Cyl +(‘)/it:d(3
aéo V_VI) DL%dWZ%:MA W+ £ G-
new -9 W =

'(\)(LVV| )TD Ly dw
o= y



Example 9 : SoDE — Linear elasticity in 2D

linear system

|~

a=f

oot 0 Ly

(‘)V/V:v @y:vf b(Lﬂ)TD Ly dw



Example 9 : SoDE — Linear elasticity in 2D

Remark :

oluwt ) s aw- gy x aw- g d6=0
W W -

IS equivalent to the principle of vi rtual work

ol J's aw= GL W+ ¢§ " tdG

Gs

using as virtual displ acementii thefollowing definition

f =W d withd, abitraryand e =Lf"



Example 9 :
Linear elasticity
Problem
definition
(see E] 2 9.m
routine)

A
Clamped | Y

Calculus =

domain

>
v

Traction

Pl ﬁ\w
Symmetry

Symmetry

LTI
Traction

Clamped




Example 9 : trial functions
function [N1,N2,Lx_N1,Ly N1,Lx N2,Ly N2]=shape_ function(x,y,mm)
Nxs =strvcat('(x)','(x.*3)",'(x.*y.*2)";
dNxsdx =strvcat('1l','(3*x.*2)",'(y."2)");
dNxsdy =strvcat('0','0',"(2*y.*x)");

Nys =strvcat('(y)','(y.*x.*2)",'(y.*3)");
dNysdx =strvcat('0','(2*y.*x)",'0");
dNysdy =strvcat(‘'1','(x."2)",'(3*y."2)";

NX = Nxs(mm,:);
dNxdx = dNxsdx(mm,:);
dNxdy = dNxsdy(mm,:);

Ny = Nys(mm;,:);
dNydx = dNysdx(mm,:);
dNydy = dNysdy(mm,.);

eval(['N1 = (1-y."2).* Nx"']);

eval(['N2 = (1-y."2).* Ny '}']);

eval(['Lx_N1 = (1-y.*2).* dNxdx ";']);

eval(['Ly N1 = (1-y.72).* dNxdy '-' Nx " *(2*y)' ';']);
eval([Lx_N2 = (1-y.*2).* dNydx ";']);

eval([Ly_N2 = (1-y.*2).* dNydy '-' Ny " *(2*y)'";']);



Example 9 : trial functions

i,
s




Example 9 : Linear elasticity — Results
X-displacement

Example 9 - using Ej_2_9 - max(u) = 0.65749

0.7




Example 9 : Linear elasticity — Results
y-displacement

Example 9 - using Ej_2_9 - max(v) = 0.080562




X

{A+nu)*sigma /E

Example 9 : Linear elasticity — Results
Traction at boundary (x=1)

Example 6 - using Ej_2_6 - x-traction along x=1

1.2

Example 6 - using Ej_2_6 - xy-traction along x=1

Xy

AFau)sigma_ /E

925 R
e
N.‘_K%
i,
03 :
‘KA@;;"“
B
e
0.35 i,
e
Yl %%ﬂq;;
.48 i 1 i i i 3 ' 5 A 3
T o G2 fercd ) [ 8.8 OF 05 [EE 1



Example 9 : Linear elasticity — Results

Deformed mesh

Example 9 - using Ej_2_9 - Deformed mesh

BERRNNR RN RN

0.9

LT A

11

0.8

|\

\
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Non linear problems

Non linear problemsp  K(a) a=f

Example: Find fA(x) solution of the following PDE
1 gﬁ(f )E9+1§ﬁ(f )2—f9+Q:O inW:{x;xi A}
4]

f=f onG ; kg—fh—aoan

y=f onG ; N,=0 onG

aeﬂaﬁ ﬂf9+18§ 7 O
gﬂX§ x5 ‘Hyé Vg 5

9, o aw+ C)’W?(I‘A)E—Eﬁ %dG:O



Non linear problems

ATE S & ﬂf 0 ﬂfA
k K\f T+Q dW+ K\f —+q dG 0
g‘ﬂxé lﬂxﬂ ﬂyé Vo & dNé ) )
mtegratlon by parts (Gauss- Green)
ﬂfo
k k — W dW
§ ﬂxg ﬂy§ o
: §k —dG (‘)’V§k )ﬂ+q 2dG=0
@Eq @
W = Wl W\ =0
k k — WQ dW+ 'q dG=0
é ﬂxg ﬂ)’§ ﬂ)’g G?N



Non linear problems

W 6, T 2 ) IN,, 80
Knlel)= fix ?( T ™o Ty alE fly ﬂgdw

f (aj)- OMQaW- (‘yv,q dG-

In general, thelteratlonsfo low as:
K(an—l)an — f n-1



Example 10 : Non linear heat equation

daﬁdfé

—ck —=+0Q=0

dxg dx g <

W:{x;0£x£1} ; k=1+0.1f ; Q=10x

f=0 @x=0 ; =0 @x=1

Q=10x




Example 10 : Non linear convergence of solution

M=2 — convergence of coefficients a with Galerkin
using Ej 2 10.m routine

Example 10 - using Ej_2_10 - min{phi) = Omax(phi) = 0.62415

0.7
06

ooy P

Non linear convergence of |a-ath|lath

Mawtan fterations






