
Approximation to PDE
by continuous trial functions

• Defining the PDE problem
• Introduction to the PDE approximation
• Approximation by weighted residual
• Simultaneous approximation to the solution of the 

PDE in the domain and on its boundary.
• Natural boundary conditions
• Boundary solution methods
• Systems of PDE
• Nonlinear problems



Defining the PDE problem
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Introduction to the PDE approximation
How to choose the trial functions
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Introduction to the PDE approximation
The trial functions and its derivatives
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Approximation by weighted residual
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Point collocation

)( ll xxW −= δWeight function
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Subdomain collocation
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Galerkin

ll NW =Weight function

( )

( )

( )∫
∫

∫∑∫

∫ ∑

∫∫

Ω

Ω

ΩΩ

Ω

ΩΩ Ω

Ω+−=

Ω=

=

Ω+−=Ω







∴

Ω







+








+=

=Ω+=Ω

dpNf

dNNK

faK

dpNdNaN

dpNaN

dpNdRW

ll

mllm

lmlm

l
m

mml

m
mml

ll

ψ

ψ

ψ

φ

L

L

LL

LL

L ˆ



Example 1- Definition
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Example 1- Choosing the approximation
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Example 1- Weighted residual using collocation
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Example 1- Weighted residual using collocation
(see routine Ej_2_1.m)
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Example 1- Weighted residual using Galerkin
(see routine Ej_2_1.m)
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Example 1- Exact solution and approximation basis
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Example 1- Results using
point collocation & Galerkin

using M = 2



Example 1- Results using
point collocation & Galerkin

using M = 3



Example 1- Results using
point collocation & Galerkin



Example 2- A 2D scalar elastic problem - Definition
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Example 2- Choosing the approximation
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Example 2- Weighted residual using Galerkin
(see routine Ej_2_2.m)
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Example 2- Weighted residual using Galerkin
(see routine Ej_2_2_symb.m with symbolic soft)

syms ax ay x y

ax=[1,3,1]
ay=[1,1,3]

N = [ cos(ax(1)*pi*x/6)*cos(ay(1)*pi*y/4);
cos(ax(2)*pi*x/6)*cos(ay(2)*pi*y/4);
cos(ax(3)*pi*x/6)*cos(ay(3)*pi*y/4)];

for l=1:3,
for m=1:3,

factor =    pi^2*((ax(m)/6)^2+(ay(m)/4)^2);
K(l,m) = factor*int(int(N(l)*N(m),x,-3,3),y,-2,2);

end
f(l) = -2*int(int(N(l),x,-3,3),y,-2,2);

end



Example 2- Weighted residual using Galerkin
(see routine Ej_2_2_num.m)

global X Y ll mm coef

% Number of terms to be used (M)
M = 3;
coef.p = 2;
% grid of samples
[X,Y]=meshgrid(-3:0.1:3,-2:0.1:2);

f = zeros(M,1);
K = zeros(M,M);
for ll=1:M

f(ll) = gauss_integration('ffun_Ej_2_2_num_rhs',-3,3,-2,2);    
for mm=1:M

K(ll,mm) = gauss_integration('ffun_Ej_2_2_num_lhs',-3,3,-2,2);                                
end

end

a = K\f;



Example 2- Weighted residual using Galerkin
Results
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Example 2- Weighted residual using Galerkin
Results
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Least square approximation to PDE
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Galerkin Least Square approximation to
PDE (GLS)
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Simultaneous approximation to the solution of
the PDE in the domain and on its boundary.
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Simultaneous approximation to the solution of
the PDE in the domain and on its boundary.
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Example 3 = Example 1- but solved without psi
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Example 3 – weighted residual formulation
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Example 3 – algebraic system
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Example 3 – Results

9.9566e-001-3.1787e-0034.0000e+000
9.2481e-0016.7669e-0023.0000e+000

Phi ( x = 1 )Phi ( x = 0 )M
7.6190e-0019.5238e-0022.0000e+000 -

1.0000e+0001.4329e-0067.0000e+000

9.9998e-001-1.3409e-0056.0000e+000

9.9940e-0015.6585e-0045.0000e+000
'M=2'



Example 3 – algebraic system



Example 4 = Example 2- but solved without
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Example 5 – natural boundary conditions
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Example 5 – Results (routine Ej_2_5.m)
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Natural boundary condition for heat equation
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Natural boundary condition for heat equation
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Natural boundary condition for heat equation
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Example 6 – natural BC for heat equation
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Example 6 – weak form
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Example 6 – weak form
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Example 6 – linear system
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Example 6 – Results (routine Ej_2_6.m)
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Example 6 – Results (routine Ej_2_6.m)

K = [ …
1.3333e+000  4.4444e-001  2.6667e-001  8.8889e-002  2.6667e-001
4.4444e-001  9.7778e-001  8.8889e-002  1.5492e-001  1.0438e+000
2.6667e-001  8.8889e-002  4.1905e-001  1.3968e-001  5.3333e-002
8.8889e-002  1.5492e-001  1.3968e-001  1.1767e-001  1.6000e-001
2.6667e-001  1.0438e+000  5.3333e-002  1.6000e-001  1.3672e+000 ]

f’ = [ 5.1602e-001  5.1602e-001  7.0480e-002  7.0480e-002  5.1602e-001]

a’ = [2.7631e-001  3.3925e-001 -5.8747e-002 -9.2206e-002  7.7616e-002]
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Boundary solution methods
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Boundary solution methods to Laplace equation
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Example 7- Torsion problem by BSM
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Boundary solution methods - Example
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Boundary solution methods - Example

f = zeros(M,1);
K = zeros(M,M);
for ll=1:M

f1 = gauss_integration('ffun_Ej_2_7_rhs_f1',1,c,d);
f2 = gauss_integration('ffun_Ej_2_7_rhs_f2',1,a,b);
f(ll) = -(f1+f2);
for mm=1:M

K1 = gauss_integration('ffun_Ej_2_7_lhs_f1',1,c,d);  
K2 = gauss_integration('ffun_Ej_2_7_lhs_f2',1,a,b);
K(ll,mm) = K1+K2;

end
end
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Boundary solution
methods - Example

How the solution fits the right Dirichlet
boundary values ?



Systems of differential equations

• Simultaneous resolution of PDEs coming from different
applications

• 2D, axisymetric or 3D linear elasticity
• 1D beam equations
• 1D Gas dynamics
• Fluid mechanics in general
• Maxwell equations for electromagnetism
• Scalar 2nd order PDEs transformed to a system of 1st 

order PDE



Systems of differential equations
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Systems of differential equations
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Example 8 : SoDE – 2nd order to 1st order

• Scalar heat equation (Poisson equation)
• In 1D
• 2nd order ODE (steady + 1D)
• Transformed to 1st order system of ODEs
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Example 8 : SoDE – 2nd order to 1st order

• Scalar heat equation (Poisson equation)
• In 1D
• 2nd order ODE (steady + 1D)
• Transformed to 1st order system of ODEs
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Example 8 : SoDE – 2nd order to 1st order
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Example 8 : SoDE – 2nd order to 1st order

f = zeros(M,ndf); K = zeros(M,M,ndf,ndf);

coef.ncol = ndf;
for ll=1:M

coef.ncol = ndf;
f(ll,1:ndf) = gauss_integration('ffun_Ej_2_8_rhs',0,1);    
for mm=1:M

coef.ncol = ndf*ndf;        
vaux = gauss_integration('ffun_Ej_2_8_lhs',0,1);                               
K(ll,mm,1:ndf,1:ndf) = reshape(vaux,ndf,ndf);  

end
end

K2 = zeros(ndf*M,ndf*M); f2 = zeros(ndf*M,1);
for ll=1:M

ll2 = (ll-1)*ndf+(1:ndf);
f2(ll2) = reshape(f(ll,1:ndf),ndf,1);
for mm=1:M

mm2 = (mm-1)*ndf+(1:ndf);
K2(ll2,mm2) = reshape(K(ll,mm,1:ndf,1:ndf),ndf,ndf);  

end
end

a = K2\f2;
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Example 8 : SoDE – 2nd order to 1st order
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Example 8 : SoDE – 2nd order to 1st order
Results – Temperature convergence with M



Example 8 : SoDE – 2nd order to 1st order
Results – heat flux convergence with M



Example 9 : SoDE – Linear elasticity in 2D

Plane stress in 
2D elasticity
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Example 9 : SoDE – Linear elasticity in 2D

Plane stress in 
2D elasticity
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Example 9 : SoDE – Linear elasticity in 2D
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Example 9 : SoDE – Linear elasticity in 2D
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Example 9 : SoDE – Linear elasticity in 2D
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Example 9 : SoDE – Linear elasticity in 2D
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Example 9 : SoDE – Linear elasticity in 2D
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Example 9 : SoDE – Linear elasticity in 2D
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Example 9 : 
Linear elasticity

Problem
definition

(see Ej_2_9.m
routine)



Example 9 : trial functions
function [N1,N2,Lx_N1,Ly_N1,Lx_N2,Ly_N2] = shape_function(x,y,mm)
Nxs =strvcat('(x)','(x.^3)','(x.*y.^2)');
dNxsdx =strvcat('1','(3*x.^2)','(y.^2)');
dNxsdy =strvcat('0','0','(2*y.*x)');

Nys =strvcat('(y)','(y.*x.^2)','(y.^3)');
dNysdx =strvcat('0','(2*y.*x)','0');
dNysdy =strvcat('1','(x.^2)','(3*y.^2)');

Nx = Nxs(mm,:);
dNxdx = dNxsdx(mm,:);
dNxdy = dNxsdy(mm,:);

Ny = Nys(mm,:);
dNydx = dNysdx(mm,:);
dNydy = dNysdy(mm,:);

eval(['N1 = (1-y.^2).*' Nx ';']);
eval(['N2 = (1-y.^2).*' Ny ';']);
eval(['Lx_N1 = (1-y.^2).*' dNxdx ';']);
eval(['Ly_N1 = (1-y.^2).*' dNxdy '-' Nx '.*(2*y)' ';']);
eval(['Lx_N2 = (1-y.^2).*' dNydx ';']);
eval(['Ly_N2 = (1-y.^2).*' dNydy '-' Ny '.*(2*y)' ';']);



Example 9 : trial functions



Example 9 : Linear elasticity – Results
x-displacement



Example 9 : Linear elasticity – Results
y-displacement



Example 9 : Linear elasticity – Results
Traction at boundary (x=1)



Example 9 : Linear elasticity – Results
Deformed mesh



Non linear problems
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Non linear problems
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Non linear problems
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Example 10 : Non linear heat equation
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Example 10 : Non linear convergence of solution

M=2 – convergence of coefficients a with Galerkin
using Ej_2_10.m routine



fin


